The study of interactions between nutrients and food webs is a complex matter even without taking into accounts the additional effects of detritus in marine ecosystem. However, an understanding of the additional effects of detritus play a vital role in marine plankton ecology. In biology, detritus is dead organic material, as opposed to living organisms or inorganic matter. Detritus is normally colonized by communities of microorganisms, which act to decompose (or remineralize) the material. Ecosystems that are dependent on detritus as an energy and food source are known as detritus-based ecosystems [45]. The present chapter is aimed at to formulate a nutrient-phytoplankton-zooplankton-detritus model where we study the dynamical behavior of the system around different equilibrium point. We have observed that constant nutrient input plays a vital role in changing dif- * The bulk of this chapter has been accepted for publication in Contemporary Mathematics and Statistics (Columbia International Publishing), (In Press).
ferent steady state behavior of the system. Finally, we have studied that the constant nutrient input and respiration rate of phytoplankton play important role to change steady state to oscillatory behavior of the system.
The organization of the chapter is as follows: section 7.2 deals with the model formulation. In sections 7.3 and 7.4 mathematical and numerical studies of the proposed model have been given. Finally, a brief discussion is presented in section 7.5.
The mathematical model
Let N(t) be the concentration of the nutrient at time t. Let P (t), Z(t) and D(t) are the concentration of phytoplankton, zooplankton and detritus population respectively at time t. Let N 0 be the constant input of nutrient concentration, D 1 is the dilution rate of nutrient [28] . The constant
has the physical dimension of a time and represents the average time that nutrients and waste products spend in the system [93] . D 2 and D 3 be the dilution rates of the phytoplankton, zooplankton population respectively. Let α 1 and α 2 are the nutrient uptake rate for the phytoplankton population and conversion rate of nutrient for the growth of phytoplankton population respectively (α 2 ≤ α 1 ).
Let α 3 be the maximal zooplankton ingestion rate. A fraction γ of zooplankton grazing fuels growth of zooplankton and a fraction β is excreted by zooplankton and is regenerated immediately into the nutrient compartment. The remaining (1 − γ − β) represents zooplankton faecal pellets, which enter the detritus compartment. The rP term is a general phytoplankton loss term, incorporating phytoplankton respiration and d is the higher predation rate of zooplankton.
Here a Michaelis-Menten function N/(K 1 + N) is nutrient uptake term, with halfsaturation constant K 1 and P/(K 2 + P ) is zooplankton grazing term with K 2 is halfsaturation constant respectively. Let m 1 and m 2 are the mortality rates of the phytoplankton and zooplankton population respectively. Also m 3 and m 4 are the part of mortality rates of phytoplankton and zooplankton population, which enter the detritus compartment (m 3 ≤ m 1 , m 4 ≤ m 2 ). Here e is the loss rate of detritus and d 1 is the detritus remineralization rate.
With these assumptions our model system is
The system (7.1) has to be analyzed with the following initial conditions
7.3 Some preliminary results
Positive invariance
with G :
The time derivative of w along the solutions of (7.1) is
where
We can find a constant M > 0 such that
It is clear that the right hand side of (7.4) is bounded.
Using the variation of constants formula, this inequality is transformed into
From which we get
and for t → ∞, we have
Hence all the solutions of (7.1) which initiate in R 4 + are eventually confined in the region
Equilibria
The system (7.1) possesses the following equilibria :
(ii) The zooplankton free equilibrium E 1 = (N, P , 0, D) with
, and max r + m 1 + D 2 ,
.
(iii) The positive interior equilibrium
and N * in given from the equation
Thus the condition for the existence of the interior equilibrium point
is given by
Criterion for the extinction of plankton population Theorem 7.2: Let the inequality
The inequality (7.6) demonstrates that if the ratio of maximal nutrient conversion rate for the phytoplankton and the loss rate of the phytoplankton is less than unity then the phytoplankton population will eliminate from the system.
The proof is obvious.
Eigenvalue analysis
In this section, local stability analysis of the system around the biological feasible equilibria is performed.
then the plankton free steady state E 0 of the system (7.1) is unstable.
Lemma 7.2: There exists a feasible zooplankton free steady state E 1 of the system (7.1) which is unstable if
Local Asymptotic Stability (LAS) analysis of the system (7.1)
Let E = ( N, P , Z, D) be any arbitrary equilibrium. Then the variational matrix about E is given by
Proof of Lemma 7.1: By computing the variational matrix for the plankton free equilibrium E 0 of the system (7.1) we find that the eigenvalues of the variational matrix
. Clearly E 0 is asymptotically stable if and only if R 0 < 1 .
When R 0 > 1, the plankton free steady state E 0 of the system (7.1) is unstable. ✷ Proof of Lemma 7.2: Further the eigenvalues of the variational matrix V 1 around the equilibrium E 1 of the system (7.1) are θ 1 , θ 2 , θ 3 and θ 4 . The first three eigenvalues which are the roots of the cubic equation θ 3 + W 1 θ 2 + W 2 θ + W 3 = 0, which is given from variational matrix V 1 and θ 4 =
. This cubic equation is computed from the matrix
Here
By the Routh-Hurwitz criteria, all roots of above equation have negative real parts if and
Obviously, Thus the three roots of above cubic equation have negative real parts. Now E 1 is unstable i.e., θ 4 > 0 if condition (7.8) is satisfied. ✷ Stability analysis of the positive interior equilibrium of the system (7.1)
The variational matrix of system (7.1) around the positive equilibrium
n 11 n 12 n 13 n 14 n 21 n 22 n 23 0 0 n 32 0 0 0 n 42 n 43 n 44
For positive equilibrium E * = (N * , P * , Z * , D * ), the characteristic equation is
where the coefficients Q I , I = 1, 2, 3, 4 are
Q 2 = n 11 n 22 + n 11 n 44 − n 23 n 32 + n 22 n 44 − n 12 n 21 , Q 3 = n 44 n 23 n 32 + n 11 n 23 n 32 − n 11 n 22 n 44 + n 21 n 12 n 44 − n 21 n 13 n 32 − n 21 n 14 n 42 , Q 4 = n 21 n 13 n 32 n 44 − n 11 n 23 n 32 n 44 − n 14 n 32 n 43 n 21 .
K 2 +P * . Also Q 2 = n 11 n 22 + n 11 n 44 − n 23 n 32 + n 22 n 44 − n 12 n 21 > 0, if n 11 n 44 − n 12 n 21 − n 23 n 32 > −(n 11 n 22 + n 22 n 44 ).
Since n 11 n 22 < 0, n 11 n 44 > 0, n 23 n 32 < 0, n 22 n 44 < 0 and n 12 n 21 < 0.
Here Q 3 = n 44 n 23 n 32 + n 11 n 23 n 32 − n 11 n 22 n 44 + n 21 n 12 n 44 − n 21 n 13 n 32 − n 21 n 14 n 42 > 0, if n 44 n 23 n 32 + n 21 n 12 n 44 + n 11 n 23 n 32 > n 21 n 13 n 32 + n 11 n 22 n 44 + n 21 n 14 n 42 .
Since n 44 n 23 n 32 > 0, n 11 n 23 n 32 > 0, n 11 n 22 n 44 > 0, n 21 n 12 n 44 > 0, n 21 n 13 n 32 > 0 and n 21 n 14 n 42 > 0.
Finally, Q 1 Q 2 − Q 3 = −(n 11 + n 22 + n 44 )(n 11 n 22 + n 11 n 44 + n 23 n 32 + n 22 n 44 − n 12 n 21 ) − (n 44 n 23 n 32 − n 11 n 23 n 32 − n 11 n 22 n 44 + n 21 n 12 n 44 − n 12 n 13 n 32 − n 21 n 14 n 42 ) > 0, if −(n 11 + n 22 + n 44 )(n 11 n 22 + n 11 n 44 + n 23 n 32 + n 22 n 44 − n 12 n 21 ) > (n 44 n 23 n 32 − n 11 n 23 n 32 − n 11 n 22 n 44 + n 21 n 12 n 44 − n 12 n 13 n 32 − n 21 n 14 n 42 ).
Thus by the Routh-Hurwitz criterion, E * is locally asymptotically stable. ✷
The analytical results are summarized in the Proof: For positive equilibrium E * = (N * , P * , Z * , D * ), the characteristic equation is
Let ω i (i = 1, 2, 3, 4) be the roots of above characteristic equation . Then we have
(7.10)
If there exists N 0 c ∈ R such that ψ 2 (N 0 c ) = 0, then by the Routh-Hurwitz criterion at least one root, say ω 1 , has real part equal to zero. From the fourth equation of (7.10) it follows that Im ω 1 = ω 0 = 0, and hence there is another root, say ω 2 , such that ω 2 = ω 1 . Since If ω 3 and ω 4 are complex conjugate, from the first equation (7.11) it follows that 2Re ω 3 = −Q 1 < 0. If ω 3 and ω 4 are real, from the first and fourth equations of (7.11) it follows that ω 3 < 0 and ω 4 < 0. Also after some calculations it follows that
c , a Hopf-bifurcation occurs at E * . ✷
Numerical analysis
The presented analysis reveals a number of phenomena that arise from the numerical analysis. In this section, our study focus on the occurrence and termination of plankton population. We begin with a parameter set (Table 7 .2, reference [22] ) for which the existence condition of the coexistence equilibrium point E * is satisfied and the coexistence equilibrium point E * = (1.0276, 0.4426, 0.1181, 0.4709) is locally asymptotically stable in the form of a stable focus with eigenvalues −0.0424, −0.0798, −0.0324 ± .1033i (cf. Fig.   7 .1).
Effects of N 0
If the constant nutrient input N 0 is decreased from 2.6 to 1.6 but all other parametric values are unaltered in Table 7 .2, the stable equilibrium switches from E * to E 1 = (0.6000, 0.3445, 0, 0.6124) with eigenvalues −0.0155, −0.0804, −0.0807 ± .1068i (cf. Fig.   7 .2). Further the constant nutrient N 0 is decreased from 1.6 to .6, the stable equilibrium switches from E 1 to E 0 = (.6000, 0, 0, 0) in the form of a stable node with eigenvalues −.0800, −2.7756, −0.90, −0.13 (cf. Fig. 7.3 ). It is interesting to note that when the constant nutrient input N 0 is increased from 2.6 to 3.6, for same set of parametric values in Table 7 .2, the stable equilibrium switches to oscillatory behavior around the positive interior equilibrium E * with eigenvalues 0.0133 ± .1011i, −0.0782 ± .0026i (cf. Fig. 7 .4). Table 7 .2. The equilibrium point E 1 is asymptotically stable for changing the parametric value N 0 =2.6 to 1.6 with other parametric values as given in Table 7 .2. The figure depicts stable behavior at E 0 of the system (7.1) for decreasing the value of N 0 =1.6 to .6 and other parametric values as given in Table 7 .2. point E * of the system (7.1) for increasing N 0 , from 2.6 to 3.6 with other parametric values as given in Table 7 .2. point E * of the system (7.1) for decreasing r, from .15 to .015 with other parametric values as given in Table 7 .2. Table 7 .2. Table   7 .2. Table 7 .2.
Effects of r
If the respiration rate of phytoplankton (r) is decreased from .15 to .015 and all other parametric values are unaltered in Table 7 .2, the stable equilibrium switches to oscillatory behavior around the positive equilibrium E * with eigenvalues .0358±0.1267i, −0.0844, −0.0872 (cf. Fig. 7 .5).
Effects of d
If the higher predation rate of zooplankton (d) is increased from .04 to.1, the stable equilibrium switches from E * to E 1 = (0.60, 0.6890, 0, 1.2249) with eigenvalues −0.1166 ± 0.1491i, −0.0804, −0.0334 (cf. Fig. 7 .6).
Hopf-bifurcation
Finally, a bifurcation diagram is plotted with constant nutrient input N 0 as the bifurcation parameter with other four species (cf. Fig. 7 .7). Next we have plotted another bifurcation diagram with respiration rate of phytoplankton r as the bifurcation parameter with other four species (cf. Fig. 7 .8).
Discussion
In this paper, we have proposed and analyzed four dimensional plankton-nutrient-detritus interaction model consisting of phytoplankton, zooplankton, detritus and dissolved limiting nutrient with nutrient uptake functions. The model system (7.1) is first studied analytically and the threshold conditions for the existence and stability of various steady states are worked out. The results are summarized in Table 7 .1.
We have observed that coexistence of nutrient, phytoplankton, zooplankton, detritus is possible for general uptake and Holling type II functional form. On analyzing our model we have observed that changes of different parametric values give different behavior of the system. Constant nutrient input certainly plays an important role in this model.
Extinction of the zooplankton population due to decrease of constant nutrient input evidently is an important factor in our model. Extinction of the plankton population may occur due to further decrease of constant nutrient input. It can be seen that for low value of constant nutrient input (N 0 ) the system has only equilibrium point E 0 . High rate of constant nutrient input can have a significant influence on the phytoplanktonzooplankton-detritus interaction and plays a vital role to change its interior stability state to fluctuating behavior of the system. Extinction of the zooplankton population due to increase of higher predation rate of zooplankton population is a vital factor in our model.
It can be observed that respiration rate of phytoplankton population can have a vital role in our model. It is interesting to see that the steady state behavior changes to oscillatory behavior due to increase of respiration rate of phytoplankton population. Here we see that constant nutrient input (N 0 ) and respiration rate of phytoplankton (r) have little influence upon the existence of oscillations. Hopf bifurcation is a good indication for a clear understanding of the dynamic change due to change of N 0 and r .
Throughout the article (analytically and numerically) an attempt has been made to search for a suitable mechanism to maintain a stable coexistence between all the species.
Our analytical studies and simulations show that varying the parameter(viz. effect of constant rate of nutrient, higher predation rate of zooplankton, respiration rate of phy-toplankton etc.) can make different outcomes. Summarizing the observations it can be concluded that to avoid fluctuate population and to prevent plankton population from extinction, we have to moderate the parametric values to maintain stable coexistence between all species.
